Abstract-Non coaxial mutual inductance calculations, based on a Bessel function formulation, are presented for coils modelled by an explicitly finite number of circular turns. The mutual inductance of two such turns can be expressed as an integral of a product of three Bessel functions and an exponential factor, and it is shown that the exponential factors can be analytically summed as a simple geometric progression, or other related sums. This allows the mutual inductance of two thin solenoids to be expressed as an integral of a single analytical expression. Sample numerical results are given for some representative cases and the approach to the limit where the turns are considered to be smeared out over the solenoid windings is explored.
INTRODUCTION
The formula encountered most frequently for calculating the mutual inductance M 21 of two coaxial circular loops of radii R 1 and R 2 which lie in the parallel planes z = z 1 and z = z 2 is the elliptic integral formula:
where
In Equations (1) and (2), µ 0 is the permeability of free space and z is the axial coordinate of a cylindrical coordinate system (r, φ, z). These formulas are frequently used to calculate the mutual inductance of two complete coils, each with a finite number of turns, by summing over all the loop pairings between the coils. A primary disadvantage of Equations (1) and (2) is that they are restricted to the coaxial case. It has long been known that the mutual inductance can also be expressed as an equivalent integral involving Bessel functions:
Havelock [1] used Equation (3) to obtain series solutions for coaxial coils but historically Equation ( 3) has been mostly ignored. The problem has been that the integral in Equation (3) is highly oscillatory and it is only fairly recently that computer packages such as Mathematica [2] have appeared which can evaluate (3) to high accuracy. Even today, evaluation of (3) is much slower than evaluation of (1) and (2) . Numerical experimentation with Mathematica [2] indicated that numerical evaluation of Equation (3) requires a factor of approximately 10 3 more cpu time to evaluate to high accuracy (30 significant figures) than Equations (1) and (2) . This estimate is somewhat fluid and is changing with algorithm development. It is to be noted that the geometric parameters in (3) are separated out as individual factors, and this allows (3) to be analytically integrated radially and axially to give formulas for the mutual inductance of complete coils, in the approximation where the finite number of turns for each coil are considered to be smeared out over the windings of the coils. A typical pair of non coaxial coils is shown schematically in Figure 2 . The coils are considered to consist of a discrete number of turns, with in general different turn spacings in the radial and axial directions. The coils have inner radii R (1) in and R (2) in , outer radii R (1) out and R (2) out , and axial lengths L 1 and L 2 . The individual turns lie in the planes z = z i and z = z j and the coil axes are separated by a perpendicular distance p. Thick coils can be considered to consist of either of axial stacks of annular ring coils or radial stacks of thin solenoids.
Equation (3) has been extended [3] to the non coaxial case shown in Figure 1 using Neumann's addition theorem for Bessel functions [4] : to give the simple generalization:
Equation (5) can be obtained more directly than in [3] using Graf's generalization of Neumann's theorem [4, 5] . For two coplanar loops with z 2 = z 1 , Equation (5) reduces to
and this integral can be evaluated in closed form in terms of Legendre functions using the results given by Gervois and Navelet [6] . Using the addition theorem (4), Equation (5) can be expressed in the form
and the integral with respect to s in Equation (7) can be evaluated in terms of a Legendre function of the second kind [4, 7] to give
The Legendre function in (9) can be expressed in terms of a complete elliptic integral of the first kind [8] to give the alternative expression
The integrals (9) and (10) are more numerically robust alternatives to Equation (5) . When calculating the mutual inductance of two thick coils by smearing the turns over the coil windings [9] , integration of Equation (5) gives rise to only one integral of Bessel and Struve functions.
For the discrete case, integration is replaced with summation over the various combinations of pairs of turns. It is undesirable to have an integral such as (5) for each turn pair combination, and fortunately this can be avoided by summing the axial factors resulting from Equation (5) using the elementary formula
and similar summations derived from this one. This allows the mutual inductance of two thin cylindrical solenoids to be evaluated as a single integral not significantly more complex than Equation (5). The mutual inductance of two thick coils can then obtained by summing over the various combinations of thin solenoids. With current knowledge, it does not seem to be possible to sum analytically in the radial direction in the same manner as in the axial direction. The work presented here is essentially the non coaxial Bessel function equivalent of the filamentary method based on elliptic integrals. The filamentary method has been applied successfully to non coaxial cases by Akyel, Babic and Mahmoudi [10] .
The special functions used in the analysis presented here are given in Table 1 . Table 1 . Special functions used.
Symbol
Special Function
E(β, k)
Elliptic integral of the second kind
E(k)
Complete elliptic integral of the second kind
Elliptic integral of the first kind
H(x)
Heaviside step function
Bessel function of the first kind
Complete elliptic integral of the first kind
Legendre function of the second kind sgn(x) −1, 0, or +1 for x negative, zero, or positive
FORMULATION
The vector potential of a circuit C 1 carrying a current of one amp is given by
If C 1 is a circular turn of radius R 1 , located in the plane z = z 1 of cylindrical coordinates (r, φ, z) and centred on the cylindrical axis, then Equation (13) becomes
Equation (14) can be expressed in terms of complete elliptic integrals as
or alternatively as an integral involving a product of Bessel functions [3] :
The mutual inductance M 21 of the circuit C 1 with another circuit C 2 is given by
and if C 2 is a coaxial circular loop of radius R 2 , then substitution of (15)- (16) and Equation (17) into Equation (18) gives Equations (1) and (3) respectively. For the non coaxial case shown in Figure 3 , substitution of Equation (17) into Equation (18) and exploiting the symmetry properties of the integrand gives
where r ≡ p 2 + R 2 1 + 2pR 2 cos φ and ψ ≡ e φ · e φ is the angle between the vector A 1 (r 2 ) and the line element dr 2 . The angles φ, φ and ψ ≡ φ − φ are shown in Figure 3 .
The factor cos ψJ 1 (s p 2 + R 2 2 − 2pR 2 cos φ ) can be expanded as a Fourier series in φ using Graf's addition theorem [4, 5] to give
valid for all ψ. When Equation (20) is substituted into Equation (19), only the first term survives to give Equation (3). The non coaxial Equation (5) is no more time consuming to evaluate numerically than the coaxial Equation (3). However, no non coaxial elliptic integral equivalent of Equations (1) and (2) has yet been found, and filamentary approaches using elliptic integrals are forced to treat the non coaxial case by numerical integration of Equation (15) around the secondary coil. Depending on the accuracy demanded, this reduces the advantage of an elliptic integral approach, for a single pair of non coaxial loops, to somewhere between 10 2 and 10. Romberg integration of Equation (15) around the circumference of the the secondary loop is employed in [10] .
Application to Finite Solenoids
The geometric parameters occur as separate factors in Equation (3), which allows axial and radial integrations to give the mutual inductance of finite solenoids where the discrete turns of the two solenoids are considered to be smeared out over the cross sections of the coils. Integration of the Bessel functions presents no difficulties, but a complication arises from the modulus sign in the exponential, since either
Hence inductance cases must be treated differently depending on whether there is axial overlap or not. When the inductance is calculated by smearing the turns over the solenoid windings, the three cases shown schematically in Figure 4 are sufficient. However, when the discrete nature of the turns is considered, additional sub-cases must be analyzed.
NO OVERLAP CASE
The generic case of no overlap is the simplest to analyze and is shown schematically in Figure 5 . No particular relationship between the turn pitches L 1 /(N 1 − 1) and L 2 /(N 2 − 1) need be assumed in this case. The mutual inductance is given by
and for this case each of the exponential factors satisfies: where the index m is assumed to run over the turns of the coil with the largest axial coordinates. It is convenient to measure the axial coordinate from the top of the stack of turns of Coil 1, as shown in Figure 5 , which gives
and the double summation in Equation (21) becomes
This summation can be evaluated using Equation (12), which gives the inductance as
ds. (26) Figure 6 . A coil with N turns and a non overlapping single turn.
If one of the coils consists of a single turn and the second coil has N turns and length L, as shown in Figure 6 , then Equation (26) reduces to
Evaluation of Equation (26) has essentially the same computational cost regardless of the number of turns in the coils and is the principal result presented here. Equation (26) can be compared with the corresponding formula given in [3] for the case where the turns are considered to be smeared out over the coil windings:
and in this case calculated with Equation (26) to that given by Equations (28)- (33) is also shown. It can be seen from this table that the discrete inductance and the inductance calculated by smearing out the turns over the windings tend to each other only logarithmically as the number of turns is increased. For coils with only a moderate number of turns, the difference is significant. Figure 7 shows the general discrete case with axial overlap. It is more complicated than the continuous case, which reduces to a few explicit formulas [3] . An exception is when one coil consists of a single turn. Then the case can be split into the sum of the two non-overlapping cases shown in Figure 8 . The general overlap case shown in Figure 7 can be regarded as a sum of cases such as that shown in Figure 8 . This is better than simply summing over all combinations of turns, but ideally we want to do better than this, with full analytical summation if possible. However, if one of the solenoids has relatively few turns, this approach has the advantage of simplicity. 
SOLENOIDS WITH AXIAL OVERLAP

Two Fully Overlapping Coils with the Same Length and Turn Pitch
A starting point for a more general overlap solution is the pair of fully overlapping coils shown in Figure 9 . The axial exponential factors in this case can be expressed as:
and this can be evaluated using the elementary summation:
This gives the multiplicative factor arising from the sum of the axial terms as:
The corresponding factor for this case in the approximation where the turns are considered to be delocalized over the coil windings is [3]
Equations (35) and (37) both contain terms without exponential decays, which could be evaluated analytically [3] . Sample numerical results for this case, calculated using Equations (36) and (37), are given in Table 3 . 
TWO COILS OF THE SAME LENGTH AND TURN PITCH DISPLACED BY A DISTANCE LESS THAN THE PITCH
This case is shown schematically in Figure 10 . For this case the exponential factor given in Equation (35) generalizes to give
and on evaluating the summation this becomes
It is to be noted that this expression diverges as
Sample numerical results for this case with N = 5 are given in Table 4 .
GENERAL CASE OF OVERLAPPING COILS
Two partly overlapping coils with the same turn pitch are shown in Figure 11 . This case can be solved by splitting it as shown in the Figure. If the overlapping turns lie in the same axial planes for both coils then (36) is to be used for the overlap, otherwise (39) is to be used. Pairs of coils with pitches in a fixed ratio can also be solved by superposition of simpler cases, though in the general case these superpositions are complicated. For simplicity's sake it may be preferable to solve the general case by splitting the coil with the fewest turns into single turns and superposing cases such as that shown in Figure 8 . If the discreteness of the coils is an issue at all, this must mean that at least one of the pair has a moderate number of turns. This solenoid can then be split into single turns at moderate computational cost.
CONCLUSIONS
Two discrete solenoids can be efficiently analyzed with a Bessel function formalism by summing analytically in the axial direction. This allows the approach to the continuous limit to be examined in great detail, as any number of discrete turns has the same computational cost as only a few turns. A number of cases can be analytically summed, but for the completely general case it is more convenient to split one of the solenoids into discrete turns.
The computational advantage of the method presented here depends on the number of turns and whether or not the case is non coaxial. Assuming (conservatively) that the advantage for the elliptic integral approach over the Bessel function approach is 10 2 for two noncoaxial turns, then the break even point is for two coils with 10 turns each. The calculations presented here for non coaxial coils, where the number of turns is sufficient to approximate the continuous limit to high accuracy, are totally impossible with the elliptic integral approach.
